Abstract. G.L. Watson [13, 14] introduced a set of transformations, called Watson transformations by most recent authors, in his study of the arithmetic of integral quadratic forms. These transformations change an integral quadratic form to another integral quadratic form with a smaller discriminants, but preserve many arithmetic properties at the same time. In this paper, we study the change of class numbers of positive definite ternary integral quadratic formula along a sequence of Watson transformations, thus providing a new and effective way to compute the class number of positive definite ternary integral quadratic forms. Explicit class number formulae for many genera of positive definite ternary integral quadratic forms are derived as illustrations of our method.
Introduction
Determining the class number of a positive definite integral quadratic form is a classical and important problem in number theory. Ternary integral quadratic forms receive much attention because of their many connections to other areas of mathematics. A notable one among all these connections is the correspondence between ternary integral quadratic forms and orders in quaternion algebras. In the case of ternary quadratic forms over Z, this correspondence leads to a bijection between similarity classes of positive definite ternary quadratic forms over Z and isomorphism classes of orders in definite quaternion algebras over Q. Because of this bijection, computing the class numbers of positive definite ternary quadratic forms over Z is tantamount to determining the type numbers of orders in definite quaternion algebras over Q. By applying the Selberg Trace Formula, Pizer [11] obtains explicit formulae for the type numbers of all Eichler orders (they are called canonical orders in [11] ). A formula for all orders is obtained by Körner [6] , but for numerical applications his formula requires the computation of the so called restricted embedding numbers of quadratic orders into quaternion orders, which can be achieved only for some special orders using results of [4, 9, 10, 11] .
In this paper, we look at the problem of computing the class number of positive definite ternary quadratic form from a different perspective. The backbone of our approach is a set of transformations, now called Watson Transformations, which is first used by Watson in his doctoral thesis [13] and is first in print in his paper [14] .
The precise definition of these transformations will be given in Section 2. They have been reformulated in the geometric language of quadratic spaces and lattices by many recent authors (see, for example [1, 2] ), and it is this language we will be using to conduct our discussion throughout this paper. Unexplained notation and terminology from the theory of quadratic spaces and lattices will follow those of O'Meara's book [7] . For convenience, a quadratic space is always a positive definite quadratic space over the field of rational numbers Q, and the term "lattice" always refers to a Z-lattice on a (not necessarily fixed) quadratic space. For a lattice L, gen(L) will denote the genus of L, and gen(L)/∼ is the set of (isometry) classes in gen(L). The latter is a finite set and its cardinality is called the class number of L, denoted h(L). The class of L in gen(L) is denoted by [L] . We will refer to the lattice L as "primitive" if its scale ideal s(L) is Z. The norm ideal of L, denoted n(L), is the ideal of Z generated by the set Q(L). We write L ∼ = A whenever A is a Gram matrix of L, and the discriminant dL is defined to be the determinant of A. A diagonal matrix with a 1 , . . . , a n on the diagonal is denoted by a 1 , . . . , a n .
Let L be a primitive ternary lattice, and m be a positive integer. The Watson transformation at m first takes a sublattice Λ m (L), and then scales the quadratic form on this sublattice so that the end result is a primitive ternary lattice denoted λ m (L). It follows from the properties for the Watson transformations developed in [1, 2] that we can always "descend" L, via a sequence of Watson transformations at different primes or at 4, to a primitive ternary maximal lattice K satisfying some specific local conditions. We call these lattices stable and they will be discussed thoroughly in Section 8. In this paper, we will address the important question of determining h(L) from the information we could gather from gen(K).
Let p be an odd prime. For any N ∈ gen(Λ p (L)), let Γ , which depends only on the order of the orthogonal group of N and the symmetries of N . As a matter of fact, we obtain much more in Theorem 6.2: we have explicit formulae for the number of classes of lattices in Γ L p (N ) whose isometry groups are of a given order. In Section 7, we will describe how to determine the labels of the lattices in Γ L p (N ), and in Section 8 we completely determine the labels of all the classes in the genus of a stable ternary lattice. So, all these together provides an effective solution to the problem of computing the class number of L using the labels of the lattices in gen(K), if L descends to a stable lattice K via a sequence of Watson transformations at the odd primes.
The remaining task is to obtain the analogs of all the aforementioned results for the Watson transformations at the prime 2. Although the line of attack in this case will be essentially the same, different tactics will be employed at various steps of the proof due to the lack of uniqueness of Jordan structures at the prime 2. We will address them in a second paper.
Watson transformations and class numbers
Let m be a positive integer. For any lattice L, let Λ m (L) = {x ∈ L : Q(x + y) ≡ Q(y) mod m for all y ∈ L}, and for every prime number q, let Λ m (L q ) = {x ∈ L q : Q(x + y) ≡ Q(y) mod m for all y ∈ L q }.
It is clear that Λ m (L) is a sublattice of L and Λ m (L) ⊆ {x ∈ L : Q(x) ≡ 0 mod m}. Moreover, Λ m (L) q = Λ m (L q ) for every prime number q. The readers are referred to [1] and [2] 
For simplicity, we let h 2d (N ) be the number of classes in Γ L p (N ) having an isometry group of order 2d, but keep in mind that this number depends also on L p . It is clear that
where in the summation ′ , d runs through all the positive divisor of |O 
where w(L) and w(Λ p (L)) are the mass of gen(L) and gen(Λ p (L)) respectively.
However, if N ′ is another lattice in gen(Λ p (L)), then it is easy to see that there is a bijection between Γ
, and hence
From now on, till the end of the paper, the prime p is always assumed to be odd and ord p (dL) ≥ 2. Using the Minkowski-Siegel mass formula [5, Theorem 6.8 
where α p ( , ) are the local densities. These local densities can be computed by [5, Theorem 5.6.3] . The values of
w(Λp(L)) are displayed in the Table I 4. Isometry groups
We digress in this section to collect some results concerning the isometries of a ternary lattice which are useful for the subsequent discussion. Throughout this section, K is a primitive ternary lattice. Given a nonzero vector x ∈ K, the associated symmetry is denoted by τ x . We let S(K) be the set of symmetries of K. Since the conjugate of a symmetry of K by any isometry in O(K) is still a symmetry, S(K) is decomposed into finitely many disjoint conjugacy classes under the conjugate action by O(K). In this section, when we present S(K) explicitly by listing its elements, we will do so by presenting it as the disjoint union of these conjugacy classes.
By a result of Minkowski [8] , |O(K)| cannot be larger than 48. Let I be the standard cubic lattice, A be the root lattice of Type A 3 , and J be the primitive adjoint of A; so
The isometry groups of all three lattices have order 48-in fact, they are isomorphicand they are generated by −I and symmetries. If {x 1 , x 2 , x 3 } is the basis which yields any one of the above Gram matrices, then
It is direct to check that Λ 2 (J) = 2I and Λ 2 (I) = A; so λ 2 (J) =
. It is not hard to see that Λ p (M ) = pI and Λ p (E) = pA, and the λ 2 transformation induces bijections
, where ♯ denotes the dual, and G * q = G q for all q = 2. Then, E * = L, and * induces a bijection from Γ
Suppose that every element in O(K) has order ≤ 2. If σ = −I, then either σ or −σ is a symmetry. As a result, O(K) is an elementary 2-group which is generated by −I and the symmetries. Let τ u and τ v be two different symmetries in O(K). Since τ u and τ v commutes, u and v must be orthogonal. This shows that |O(K)| is at most 8. Particularly, if |O(K)| = 8, O(K) contains exactly three symmetries τ w , τ u , τ v , and w, u, v are mutually orthogonal in K. In particular, O(K) is isomorphic to the abelian 2-group Z 2 ⊕ Z 2 ⊕ Z 2 . Now, suppose that O(K) has an isometry σ of order 3. As a Z[σ]-module, K is isomorphic to either (Z[ζ 3 ], 1) or Z[ζ 3 ] ⊕ Z, where ζ 3 is a primitive third root of unity (see [3] ). Accordingly, K has a basis {x 1 , x 2 , x 3 } such that
and the associated symmetric matrix (B(x i , x j )) is
for a pair of relatively prime positive integers a and b. In the three special cases when K 1 (1, 1) ∼ = I, K 1 (1, 2) ∼ = A, and K 1 (4, 3) ∼ = J, the isometry groups have order 48.
Lemma 4.1. Let a, b be relatively prime positive integers. Then a, b) ) that is generated by τ x1 , τ x2 , τ x1+x2 , and −I. Our goal is to show that O(K 1 (a, b)) is equal to this subgroup G, which has order 12, unless (a, b) is one of the three exceptional cases.
We first handle the case when b > 2a. In this case, {x 1 , x 2 , x 3 } is a Minkowski reduced basis, and therefore the minimal vectors in K 1 (a, b) are ±x 1 , ±x 2 , and ±(x 1 + x 2 ). Let σ be an isometry of K 1 (a, b). Since σ must permute the minimal vectors, σ induces an isometry on the sublattice Zx 1 + Zx 2 , and hence we may assume that σ(x i ) = x i for i = 1, 2. Since z := 2x 1 + x 2 + 3x 3 spans the orthogonal complement of Zx 1 + Zx 2 , therefore σ(z) = ±z. A direct computation shows that σ(z) = −z is impossible, thus σ(z) = z and so σ = I ∈ G. Now, let us assume that b < 2a. The Gram matrix of K 1 (a, b) with respect to the new basis
Suppose that u := αy 1 + βy 2 + γy 3 is a primitive vector of
As a result, 4b = 3a and so (a, b) = (4, 3) which is a contradiction. Thus, we may assume that
This shows that if (a, b) is not one of the three exceptional pairs, then ±y 1 , ±y 2 , ±y 3 are all the vectors u ∈ K 1 (a, b) such that Q(u) = b. It is direct to check that both G and O(K 1 (a, b)) act on these six vectors, and G permutes them transitively.
Therefore, for any σ ∈ O(K 1 (a, b)), there exists τ ∈ G such that στ = I. Thus σ ∈ G as desired.
Excluding the three special cases a, b) ) are generated by −I and symmetries, and we have
Note that τ x3 is the only symmetry in the center of O (K 2 (a, b) 
As a result, both groups do not have any element of order 4.
The following is an immediate consequence of the proof of Lemma 4.1.
Corollary 4.2. Let K be a primitive ternary lattice whose isometry group has order 48. Then K ∼ = I, A, or J.
Now suppose that the order of the isometry σ is 4. Then by [12, Proposition 4] , there is a basis {z 1 , z 2 , z 3 } of K with respect to which σ is represented by one of the following four matrices: 
For the first two matrices, it is easy to see that there is a basis {x 1 ,
which means that K is isometric to
For the third matrix, let x 1 = z 1 − 2z 2 , x 2 = −z 1 + 2z 3 , and
implying that K is isometric to
For the fourth, we take x 1 = z 1 , x 2 = −z 3 , and
Note that K 3 (1, 1) ∼ = I, K 4 (1, 2) ∼ = A, and K 4 (2, 3) ∼ = J. It is not hard to see that these are the only cases for which |O(K 3 (a, b))| and |O(K 4 (a, b))| are equal to 48. a, b) ) and O(K 4 (a, b)) are also generated by −I and the symmetries, and
In either case, the center of the orthogonal group contains one and only one symmetry, namely τ x3 for K 3 (a, b) and
Definition 4.4. An orthogonal system of a ternary lattice K is a set of three mutually commuting symmetries in O(K).
If {σ 1 , σ 2 , σ 3 } is an orthogonal system and σ i = τ zi for all i, then z 1 , z 2 , z 3 are mutually orthogonal vectors. Proof. This is done by checking the set of symmetries S(K) for all possible cases.
We can say more about orthogonal systems when |O(K)| = 16 or 24. In these two cases, there is a unique symmetry τ that is in the center of O(K). If σ is another symmetry of K which is not τ , then σ belongs to one and only one orthogonal system, and this orthogonal system contains another symmetry σ ′ , uniquely determined by σ of course, and τ . All of these can be proved by examining the set of symmetries S(K) and writing down all the orthogonal systems of K. For K 2 (a, b), the orthogonal systems are
For K 3 (a, b) and K 4 (a, b), their orthogonal systems are {τ x1 , τ x2 , τ x3 }, {τ x1+x2 , τ x1−x2 , τ x3 } and {τ x1 , τ x2 , τ x1+x2+2x3 }, {τ x1+x2 , τ x1−x2 , τ x1+x2+2x3 } respectively.
Formulae for |Γ
L p (N ) σ | In this section, we always assume that L is a primitive ternary lattice and N = Λ p (L). We will obtain information regarding the cardinality of the set of fixed points Γ L p (N ) σ for each nontrivial isometry σ of N . In the case when σ is a symmetry we will obtain explicit formulae to compute |Γ L p (N ) σ |. 5.1. Fixed points of isometries. Let K be a ternary lattice with |O(K)| = 12 or 24; so K is K 1 (a, b) or K 2 (a, b) according to Section 4. Let σ be an isometry of K of order 3. By Section 4, K has a basis {x 1 , x 2 , x 3 } such that σ(x 1 ) = x 2 , σ(x 2 ) = −x 1 − x 2 , and σ(x 3 ) = x 1 + x 3 or x 3 . The characteristic polynomial of σ is always x 3 − 1, which implies that the fixed points of σ in K, denoted by K σ , is a rank 1 sublattice. Indeed, a straightforward calculation shows that K σ = Zw, where
and
If, in addition, N = pI, then every one of these lattices is isometric to K 1 (1,
3 ), when dM is p 
The argument for the case p ∤ a is similar, except that we have
). When p = 3, we may argue as before to show that M = M ′ . When p = 3, 3 | e (and hence 3 | g as well) since ord 3 (dM ) ≥ 2. Then we may use (5.1) to conclude that M σ is in Λ p (M ). Therefore,
which implies e = g and f = h. As is argued before, we have M = M ′ as consequence.
We now assume that |O(N )| = 48. By the bijections in (4.1), it suffices to deal with the case when N = pI. So, suppose that Λ p (M ) = pI and that M has an isometry of order 3. Thus M itself cannot be similar to I or A. Therefore, M is either
2 d in this case and gcd(c, d) = 1, we have p = 3 and M is K 2 (1, 27) or K 2 (1, 3). Both possibilities lead to a contradiction since neither 2, 27 nor 2, 3 is represented by
, then a similar analysis on discriminant and local representations-over Z p this time-shows that M is either K 1 (1,
3 ), depending on whether dL is p 2 or p 4 .
Let G be a ternary lattice with an isometry σ of order 4. By replacing σ by −σ if necessary, we can always assume that the characteristic polynomial of σ is (x 2 + 1)(x − 1) and G σ is a rank 1 sublattice. Suppose that |O(N )| = 16. Then G = K 3 (a, b) or K 4 (a, b) for some integers a, b, and G has a basis {x 1 , x 2 , x 3 } such that σ(x 1 ) = −x 2 , σ(x 2 ) = x 1 , and σ(x 3 ) = x 3 or x 2 + x 3 . So,
In any case, Zx 1 + Zx 2 ∼ = 2a, 2a is the orthogonal complement of G σ . As a result,
Proposition 5.2. Suppose that N has an isometry of order 4.
such that each of these M has an isometry of order 4. If, in addition, N = pI, then all these lattices M are isometric to
Proof. Suppose that |O(N )| = 16, and that M is a lattice in Γ L p (N ) with an isometry σ of order 4 such that
The rest of the proof is the same as the one for Proposition 5.1, and we leave it for the readers. Now, suppose that |O(N )| = 48. As in Proposition 5.1, we may assume that N = pI. Suppose that M ∈ Γ L p (N ) is a lattice which has an isometry σ of order 4. As a result, M is either
The following corollary is a direct consequence of Proposition 5.1 and Proposition 5.2. 
where δ ij is the Kronecker's delta, d 0 is the discriminant of a unimodular Jordan component of L p , and p is the Legendre symbol.
Special symmetries.
Lemma 5.5. Let M be an R-lattice, where R is either Z or Z p . Suppose that τ w is a symmetry in O(M ) with w a primitive vector in M . If Q(w) is odd or R = Z p , then Rw is an orthogonal summand of M .
Proof. Since w is primitive in M , there exist vectors x 2 , . . . , x n in M such that
. . , n, and it follows that there exists a i ∈ R such that B(w, a i w
Let M be a ternary lattice. Every symmetry σ in O(M ) is of the form τ x , where x is a primitive vector of M . We define Q M (σ) to be Q(x). Note that Q M (σ) is well-defined. The next technical definition, which depends on the prime p we fix at the outset, is tailored for later discussion. Definition 5.6. Let σ be a symmetry of a ternary lattice M . We call σ special to M if
Note that in the definition if σ = τ x is special to M with x primitive in M , then Z p x must be either the leading or the last component of a Jordan decomposition of M p .
Proposition 5.7. Suppose that Λ p (L) = N and σ is a symmetry of N . Then there exists at most one lattice in Γ L p (N ) σ to which σ is special.
Proof. Suppose that σ is special to a lattice M ∈ Γ L p (N ). Choose a primitive vector w of M for which σ = τ w , and let G be the orthogonal complement of w in M . Proof. Suppose that O(M ) has a symmetry σ which is special to M . Let w be a primitive vector in M such that σ = τ w , and let G be the orthogonal complement of w in M . Then M p = Z p w ⊥ G p , and
Since |O(N )| is divisible by 8, Proposition 4.5 shows that there exist symmetries τ u , τ v ∈ O(N ) where w, u, v are mutually orthogonal. Then τ u and τ v must be isometries of G p , which means that both of them are isometries of M p . Since N q = L q for any prime q not equal to p, therefore both τ u and τ v are isometries of M . The subgroup of O(M ) generated by σ w , σ u , σ v is of order 8. Conversely, suppose that |O(M )| is divisible by 8. It follows from Lemma 4.5 that there are three mutually orthogonal primitive vectors x, y, z in M such that τ x , τ y , and τ z are in O(M ). Since M p = Z p x ⊥ Z p y ⊥ Z p z by Lemma 5.5, exactly one of τ x , τ y , and τ z is special to M . Suppose that p = 3. Since Λ 3 (M ) = N , 3 divides the discriminant of M . Hence 3 divides a, and so 3 does not divide b. This implies L 3 ∼ = b, 2a, 2ab(3b − 2a) , and thus none of the symmetries is special to M . Table I. Recall that
Fixed points of a symmetry. Let
In addition, we define
, and η
In Table II below, the cases (1) to (8) are divided as in Table I , Q N (σ) is defined in Definition 5.6, and ∆ is a nonsquare unit in Z p . For a pair of p-adic integers a and b, we write a ∼ b if ab
A boldface 1 indicates that there is one lattice in Γ L p (L) σ to which σ is special, under the specified conditions on Q N (σ). Table II .
Table II
Proof. We will provide the detail only for Case (4) since the arguments used in this case can be applied to prove the other cases. So, L p ∼ = ǫ 1 , pǫ 2 , p 2 ǫ 3 , and N p ∼ = p 2 ǫ 1 , pǫ 2 , p 2 ǫ 3 . Let σ = τ w be a symmetry in O(N ) with w a primitive vector in N . Thus, Q N (σ) = Q(w), which has only the three possibilities listed in Table II . By Lemma 5.5, N p = Z p w ⊥ G p where G is the orthogonal complement of w in N . In below, for any a ∈ Z p we write a to denote the canonical image of a in (a, b) . Following the notations used in Section 4, one can check that τ x3 for K 2 (a, b) or K 3 (a, b) and τ x1+x2+2x3 for K 4 (a, b) is the only symmetry that is special to M (note that this requires p = 3 for K 2 (a, b) ). This symmetry is the only symmetry in the center of O(M ). This proves (5.3) and the "only if" part of the second assertion.
For the "if" part of the second assertion, note that the proof of Proposition 5. Table I , and ǫ i ∈ Z
Proposition 5.13. Suppose that N = Λ p (L) and |O(N )| is divisible by 8. Then s is the cardinality of the set S(N, L). 6. Class numbers Definition 6.1. Let K be a ternary lattice, and σ 1 , . . . , σ t be all the symmetries of K arranged so that
For example, if K has trivial isometry group, then label(
Let L be a primitive ternary lattice and N = Λ p (L). We define
Furthermore, for any positive integer n, we let [w] n be the remainder of w when divided by n. The values of w, f , and s can be effectively determined by Table I,  Table II , and Proposition 5.13 respectively, using only the label of N and a Jordan decomposition of L p . In below, the order of an isometry σ is denoted by o(σ). Table III . . Substituting these back into the first two equations results in a system of two linear equations in h 2 (N ) and h 4 (N ) which has the unique solution as presented in Table III . . Equation (3.1) leads us to the equation
has an isometry group of order 12, then O + (M ) contains exactly two isometries of order 3. So,
Similarly, if |O(M )| = 16, then O + (M ) contains exactly two isometries of order 4, which means
Putting everything in (2.2) gives us another equation
So, now we have two linear equations in the unknowns h 2 (N ) and h 4 (N ). One can check easily that the unique common solution to these two equations is the one in Table III .
Remark 6.3. Suppose that N = pI. It has three symmetries σ with Q N (σ) = p 2 , and six symmetries σ with Q N (σ) = 2p
2 . Therefore, s is 0, 3, 6, or 9. Since h 16 (N ) = 0 or 1, we must have The three quantities s, w, and f are easy to obtain, since we know the symmetries in O(pI) well. There are three symmetries σ of pI with Q pI (σ) = p 2 , and another six symmetries τ with Q pI (τ ) = 2p
2 . Therefore,
and thus
From Table I and Table II , the values of w and f are given by
and f = 9 Adding all these h 2d (N ) together yields 
Similar calculations show that
h(L) =                    p 2 + 6p + 9 16 if p ≡ 1,
Labels of Classes
Suppose that Λ p (L) = N . We have seen in Theorem 6.2 that the class number of L is determined only by the label of every class in gen(N ) and a Jordan decomposition of L p . In order to apply that theorem successively, we need to show that the labels of all the classes in Γ (1) and (2) (3) to (8) Table IV below; this follows directly from the definition of special symmetry. The cases (1) to (8) are divided as in Table I . 
The number of classes in H 2d (σ) is denoted by h 2d (σ). In general, (7.1) may not be a disjoint union. 
Proof. For part (a), it is obvious that M −→ φ(M ) is an injective function from
. It has an inverse, which is induced by φ −1 . For the other assertion, note that if M 1 , M 2 ∈ H 2d (σ) and ψ : The symmetry τ is in all three orthogonal systems. Therefore, H 8 is just H 8 (τ ), and hence their labels are the same. Now, let σ ∈ S(N ) which is not τ , and O be the unique orthogonal system containing σ. Then H 8 (σ) must be equal to H 8 (O), and so the label of H 8 (σ) is just the label of H 8 .
For any σ ∈ S(N ) and any
Although G M (σ) is not necessarily a subgroup of O(N ), it contains the normalizer of O(M ). Moreover, the size of the coset space Table II . By Proposition 5.7, there is at most one lattice in Γ σ to which σ is special, and whether or not such a lattice exists is determined by Table II . Therefore, the label of H 4 = H 4 (σ) can be determined.
|O(N )| = 8 : In this case, O(N ) contains exactly three symmetries, and these symmetries commute with each other. Thus each symmetry forms its own conjugacy class in O(N ). Clearly, h 8 (σ) is just h 8 for each σ ∈ S(N ). If σ is special to some M ∈ Γ σ , then M ∈ H 8 (σ) by Proposition 5.8. Moreover σ will be the only symmetry special to M . Using Table II we can determine which σ is special to M . Therefore, the label of H 8 is determined.
If
and hence h 4 (σ) can be determined. Since σ is not special to any lattice in H 4 (σ), the label of H 4 (σ) is determined.
|O(N )| = 12 :
First of all, h 12 , which is either 0 or 1, is known. Moreover, none of the symmetries in O(N ) is special to any M ∈ H 12 . Therefore, the label of H 12 can be computed. Let σ be a symmetry in O(N ). Then C(σ) is {±I, ±σ}. Therefore,
and so h 4 (σ) is determined. From Table II we can decide if σ is special to any lattice in Γ σ . Therefore, the label of H 4 (σ) can be determined.
|O(N )| = 16 :
We denote the unique symmetry in the center of O(N ) by τ . Let M be a lattice in Γ. Then, by Proposition 5.11, |O(M )| = 16 if and only if τ is special to M . This shows that the label of H 16 is determined. For the label of H 8 , it suffices to compute the label of H 8 (σ) for any symmetry σ of N which is not in the center. Let {σ, σ ′ , τ } be the orthogonal system that contains σ. From the description of orthogonal systems and conjugacy classes of symmetries in Section 4, we see that σ and σ ′ are conjugate in O(N ). Therefore, by Propositions 5.7 and 5.8, h 8 (σ) is either 0 or 1, and it is 1 if and only if σ is special to a lattice in H 8 (σ). This can be determined by computing |Γ σ | using Table II . So, the label of H 8 can be determined. Note also that O(M ) is normal in O(N ) whenever M ∈ H 8 . Therefore, |H 8 (σ)| = 2h 8 (σ).
Suppose that M ∈ H 4 . Then M ∈ H 4 (σ) for some σ ∈ S(N ), and σ is not special to M by Proposition 5.8. Therefore, the label of M is determined. It remains to compute h 4 (σ) for every σ in S(N ). Suppose that σ is not τ . Then C(σ) is {±I} × {1, τ, σ, στ } which has order 8. Therefore,
which shows that h 4 (σ) can be determined. One the other hand, for the symmetry τ , we have the equation
This shows that h 4 (τ ) is also determined.
|O(N )| = 24 : Let τ be the unique symmetry in the center of O(N ). Whether or not τ is special to any lattice can be determined by Table II , and by Proposition 5.11 it is indeed special to some lattice M ∈ Γ if and only if M ∈ H 24 . Since h 24 is 0 or 1, the label of H 24 is determined. Let σ ∈ S(N ) which is not τ , and let {σ, σ ′ , τ } be the orthogonal system containing σ. Again, from the description of orthogonal systems in Section 4, we see that σ and σ ′ belong to different conjugacy classes in O(N ). It follows from Propositions 5.7 and 5.8 that every lattice in H 8 (σ) must have either σ or σ ′ as its unique special symmetry. Therefore, the label of each lattice in H 8 (σ) can be determined once we know whether σ or σ ′ is special to any lattice. The latter can be checked by using Table II . So, the label of H 8 (σ), and hence the label of H 8 , can be determined. Furthermore, C(σ) is {±I} × {I, σ, τ, τ σ}, which has order 8. Therefore,
and from this equation we can determine h 4 (σ). Since σ is not special to any lattice in H 4 (σ), the label of H 4 (σ) is determined. For the symmetry τ , C(τ ) is O(N ) because τ is in the center of O(N ). Therefore, |H 8 (τ )| = 3h 8 (τ ) = 3h 8 and |H 4 (τ )| = 6h 4 (τ ); hence
and h 4 (τ ) can be determined. Since τ is not special to any lattice in H 4 , the label of H 4 (τ ) is determined.
|O(N )| = 48 :
We only present the argument for the case N = pI. Let {x 1 , x 2 , x 3 } be an orthogonal basis of N . We distinguish the symmetries of N into two types:
Type II : τ xi+xj and τ xi−xj , 1 ≤ i < j ≤ 3.
So, Q N (σ) = p 2 if σ is a Type I symmetry; otherwise Q N (σ) = 2p 2 . By Theorem 6.2, h 24 = h 48 = 0, and both h 12 and h 16 are either 0 or 1. The lattices in H 12 and H 16 , if they exist, are isometric to
3 ) (disc = p 4 ) for H 12 , 3 ) and
3 ) are all Type II. However, for either
, it has three Type I symmetries and two Type II symmetries.
From 2 ]] respectively. As a result, the label of H 8 is determined. The orthogonal system of either lattice consists of one Type I symmetry and two Type II symmetries. Exactly one of the Type II symmetries is special to the lattice.
Let σ be a Type I symmetry. Then h 12 (σ) = 0, and h 16 (σ) = h 16 . If h 16 = 1, then there are three lattices in H 16 (σ), permuted transitively by an order 3 isometry of N , and σ is special to exactly one of these three lattices. Suppose that there exists and so h 4 (σ) is determined. Since σ is not special to any lattice in H 4 (σ), the label of H 4 (σ) is determined. Now, let τ be a Type II symmetry. Note that O(N ) acts, by conjugation, transitively on the set of Type II symmetries. So, h 12 (τ ) = h 12 and h 8 (τ ) = h 8 . Now, if h 16 = 1, τ must be a symmetry of at least one of the three lattices in H 16 . But, since each lattice in H 16 has exactly two Type II symmetries, |H 16 (τ )| must be 1, whence |H 16 (τ )| = h 16 .
For the rest of the discussion, we may assume that τ = τ x1+x2 . A direct calculation shows that the centralizer of τ has order 8. Suppose that M ∈ H 12 (τ ). The other two symmetries in O(M ) are either {τ x2−x3 , τ x1+x3 } or {τ x2+x3 , τ x1−x3 }. Let φ be the isometry of N which fixes x 3 and switches x 1 and x 3 . Then φ(M ) = M but τ ∈ O(φ(M )). Therefore, |H 12 (τ )| = 2h 12 .
If M ∈ H 8 (τ ), the orthogonal system of M must be {τ x3 , τ x1+x2 , τ x1−x2 }. So, τ ∈ φ(M ) if and only of φ is in the centralizer of τ x3 which has order 16. This shows that |H 8 (τ )| = 2h 8 . Consequently,
Therefore, h 4 (τ ) is determined. Since τ is not special to any lattice in H 4 , the label of H 4 (τ ) is determined.
7.
3. An example. We illustrate the discussion thus far by computing the labels of all the classes in the genus of the lattice K(n) := K 4 (1, 6 · 7 2n + 1), n ≥ 0. This of course will lead to a class number formula for K(n).
For n ≥ 0,
One can easily check that dK(n) = 24 · 7 2n and N (n − 1) := Λ 7 (K(n)) is the lattice K(n − 1)
2n ]], and the label of
]. For n ≥ 1, let G 2i (n) be the set of lattices in gen(K(n)) whose isometry groups have order 2i, and g 2i (n) be the number of classes in G 2i (n). From Example 6.5, we see that
It is clear that K(1) represents the only class in G 16 (1). Using row (1) of Table II and equations (7.2) and (7. Proof. We will provide a proof for part (a); part (b) can be proved in a similar manner. Part (a) for n = 1 is already explained. For n ≥ 2, let M ∈ G 16 (n). Then Λ 7 (M ) ∼ = N (n). But for n ≥ 2, the w for N (n) is 7 2 = 49 from Table I. Therefore,  by Table III ,
Clearly, K(n) represents the only class in G 16 (n).
For ℓ = 4 or 16, let Table II , we see that each of these lattices will produce 7 classes in G 4 (n + 1) with the same label. (b) All the classes in G 16 4 (n + 1) descend via Λ 7 to the class containing N (n). If τ is the symmetry in the center of O(N (n)), then |Γ τ | = 1 from row (2) of Table II , and so h 4 (τ ) = 0 by equation (7.3) . If σ is any other symmetry in O(N (n)), then using row (2) of Table II and equation (7.2) we can see that h 4 (σ) = 3.
As a corollary, we obtain the following recursive formula for g 4 (n):
with the initial condition g 4 (1) = 3. Therefore,
As for g 2 (n + 1), note that all the lattices in G 2 (n + 1) descend via λ 7 to G 2 (n), G 4 (n), and G 16 (n). Using Table III (after calculating the w, f , and s in each case), we can calculate the contribution from each of these sets: 49g 2 (n) from G 2 (n), 21g 4 (n) from G 4 (n), and 3 from G 16 (n). Therefore,
So, finally, the class number of K(n) is
Labels of stable lattices
Let L be a primitive ternary lattice and let q be a prime. If ord q (dL) ≥ 2, then one may easily show that ord p (d(λ eq (L))) < ord q (dL), where e = 2 if q = 2 and L is even, and 1 otherwise. Furthermore if L is odd and ord 2 
is odd. Hence L can be transformed, via a sequence of Watson transformations at primes or at 4, to a primitive ternary lattice K such that ord q (dK) ≤ 1 for all primes q, and that ord 2 (dK) = 1 if and only if K is even. For details, see [ 
2 . This affects neither the results in [2] nor the conclusion we draw here.
If K is even, then K 2 is always isotropic and
For any integer a, let ν(a) be the number of distinct prime divisors of a. If q is a prime, we define e q (a) := 1 if q divides a; 0 otherwise.
Let P be the product of odd prime divisors q of dK such that K q is anisotropic, and Q be the product of odd prime divisors q of dK such that K q is isotropic. Note that dK = 2 e2(dK) PQ. For any positive integer t, let b t (K) be the number of classes in gen(K) whose isometry groups are of order t.
For positive integers α, β, γ, we define
In below, the Hasse symbol of K at a prime q is denoted by S q (K).
Lemma 8.1. Up to isometry, there is at most one lattice in gen(K) whose isometry group is of order 24. Furthermore,
Proof. Suppose that M is a stable lattice with |O(M )| = 24. Since dM is squarefree, we have 
Proof. From Section 4, a stable lattice whose isometry group is of order 12 must be of the form
for some positive integers a and b. Its discriminant is a 2 (3b − 2a), which should be squarefree. Therefore, a = 1 and the discriminant is 3b − 2 ≡ 1 mod 3. Note that Suppose that K is even. It is clear that gen(K) does not contain any K 1 (1, b) when (1 − e 3 (dK))Φ K (3) = 0. Now, suppose that e 3 (dK) = 1 and Φ K (3) = 0. Then 3 ∤ dK and
By the Quadratic Reciprocity,
Since K 2 is always isotropic, it follows that |P | must be even, and hence dK ≡ 1 mod 3. Thus, there exists b 1 such that M := K 1 (1, b 1 ) has discriminant dK. It is direct to check that M is in gen(K).
The proof of the case when K is odd is similar, and we leave it to the readers. 
Proof. Note that any ternary lattice with an isometry group of order 16 is isometric to
We may now proceed as in the proofs of the previous two lemmas.
Let M be a ternary lattice with |O(M )| = 8. Then the symmetries in O(M ) form an orthogonal system {τ z1 , τ z2 , τ z3 }, with primitive mutually orthogonal vectors z 1 , z 2 , z 3 . Let L be the sublattice spanned by z 1 , z 2 , z 3 . By Lemma 5.5, M p = L p for all odd primes p. In addition, it is direct to check that 2v ∈ L for every v ∈ M . Therefore, M is obtained from L by adjoining one or more vectors of the form ǫ1z1+ǫ2z2+ǫ3z3 2
, ǫ i = 0 or 1 for each i. As a result, M is isometric to one of the following lattices
for some suitable integers a, b, and c. A simple calculation shows that the discriminants of M 3 (a, b, c) and
For the convenience of discussion, let T be the set of triples (a, b, c) of positive integers such that abc = dK, and we define 
and if K is odd, then
Proof. Suppose that there is a lattice M in gen(K) such that |O(M )| = 8. We first assume that K is even. Then M ∼ = M 2 (a, b, c) for a unique triple (a, b, c) ∈ R 2 . Since M q ∼ = a, 2b, 2c for any prime q dividing PQ, therefore
Conversely, suppose that (a, b, c) ∈ R 2 and Φ K (a, b, c) = 2 ν(PQ) , and let M be M 2 (a, b, c). Then K q ∼ = a, 2b, 2c ∼ = M q for every prime q dividing PQ. By the Hilbert Reciprocity, K 2 is also isometric to M 2 , hence M ∈ gen(K).
The proof of the case when K is odd is similar, and we leave it to the readers. Let τ x be a symmetry of K, where x is a primitive vector in K. If Q(x) is odd, then Zx splits K by Lemma 5.5. If Q(x) = 2m for some integer m, then either Zx splits K or there is a basis x = x 1 , x 2 , x 3 of K such that
Therefore m divides PQ. From now on, δ is either 1 or 2. For any integer t and lattice L, r(t, L) denotes the number of representations of t by L.
Lemma 8.7. Let m be a positive odd squarefree integer. There exists τ x ∈ O(K) such that Q(x) = δm if and only if δ is represented by λ m (K). Furthermore
On the other hand, if Zx does not split K, then clearly δ = 2, and there is a basis x 1 , x 2 , x 3 of K satisfying (8.1). In this case, There are seven symmetries σ in O(N ): three of them with Q N (σ) = 2a, three of them with Q N (σ) = 6a, and one of them, which is in the center of O(N ), with Q N (σ) = b. This, in particular, means that the number f can be determined by using Table II . The value of w is determined in Table I . It follows from Table I (and the fact that p = 3 here) that w ≤ 9. So, we can deduce from (A.2) that h 2 is always zero. By Lemmas A.1 and A.2, h 12 ≤ 1 and h 24 ≤ 2; furthermore, h 24 ≤ 1 unless we are in Case (4) .
Suppose that we are not in Case (3) or in Case (4). Then, from Table I , w is divisible by 3. Therefore, 2h 12 + h 24 ≡ 0 mod 3 by (A.2), and hence (h 12 , h 24 ) = (0, 0) or (1, 1) . It is now ready to determine the remaining h i for all the cases in Table I . We remind the readers that Case (1) and (6) cannot occur.
Case (2) In this case, α = 0 and β ≥ 3. Therefore, by Lemmas A.1 and A.2, both h 12 and h 24 are 0. Now, since Λ 3 (L) 3 = N 3 = 2a, 6a, b , we must have β = 3 and ord 3 (a) = ord 3 (b) = 2. So, by Table II , f = 15. Also, w = 9 from Table I . Thus, by (A.1) and (A.2), both h 4 and h 8 are equal to 1.
Case (3) We know from Table I Case (4) If e 13 = 1, then w = 1 from Table I , which implies that h 24 = 1 and h 4 = h 8 = h 12 = 0. As in Case (3), the only lattice in Γ In any case, if h 24 = 1, then the only lattice in Γ L 3 (N ) with isometry group of order 24 is K 2 (a, b 9 ). Case (8) Again, using the fact that Λ 3 (L) 3 = N 3 , one can show that α = 3, ord 3 (a) = 2, and ord 3 (b) ≥ 3. This implies that h 12 = h 24 = 0, and that f = 15 form Table II . Since w = 9, we can use (A.1) and (A.2) to obtain h 4 = h 8 = 1.
We now turn our attention to the labels of the classes in Γ L 3 (N ). For those lattices in H 12 or H 24 , their labels are determined by Lemmas A.1 and A.2. There are only three cases, namely Cases (2), (7), and (8), in which h 4 and h 8 are not zero. We will determine the labels of these classes in these three cases separately.
Case , and 6a respectively. Using (7.4), we
